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Cluster sampling
Survey sampling
Sampling techniques
 𝑁 number of large units clusters
 𝑛 number of selected large units
 M number of small (final units) per cluster
 ത𝑦 =
σ𝑖
𝑛 𝑦𝑖
𝑛
unbiased estimate of the population mean per 
cluster, with variance:
𝑉 ത𝑦 =
1 − 𝑓
𝑛
σ (𝑦𝑖 − ത𝑌)
2
𝑁 − 1
Then, since ത𝑦 = 𝑀ധ𝑦
ധ𝑦 =
σ𝑖
𝑛 𝑦𝑖
𝑛𝑀
unbiased estimate of the population mean per 
element, with variance:𝑉 ധ𝑦 =
1−𝑓
𝑛𝑀2
σ (𝑦𝑖−ത𝑌)
2
𝑁−1
Single stage clusters sampling: 
clusters of equal size
ധ𝑦 =
σ𝑖
𝑛 𝑦𝑖
𝑛𝑀
unbiased estimate of the population mean per 
element, with variance:
𝑉 ധ𝑦 =
1 − 𝑓
𝑛𝑀2
𝑁𝑀− 1
𝑁 − 1
𝑆2 1+ (𝑀 − 1)𝜌
Where
𝜌𝑤 =
2
𝑀 − 1 𝑁𝑀 − 1 𝑆2
෍
𝑖=1
෍
𝑗<𝑘
𝑦𝑖𝑗 − ധ𝑌 (𝑦𝑖𝑘 − ധ𝑌)
Variance per element approximated by
𝑉 ധ𝑦 =
1 − 𝑓
𝑛𝑀
𝑆2 1+ (𝑀 − 1)𝜌
Cost function 𝐶 = 𝑐1𝑀𝑛+ 𝑐2 𝑛
Variance function of intracluster
correlation
Optimisation of single stage area sample 
designs
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“On the Optimum Size of Segments in a Two-stage Survey on Area 
Frame. Possible Improvements for Rapid European Estimates” (with 
F.J. Gallego and L. Tarsi), in The Mars Project Overview and 
Perspectives, Luxembourg, Office for Official Publications of the 
European Communities, 1994, pp. 139-143 
Extrapolation of the 
homogeneity measure
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Homogeneity inside the segments for different sizes of the segments
can be obtained as weighted average of the Moran’s autocorrelation
function (Moran, 1950):
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 𝑁 number of large units clusters
 𝑛 number of selected large units
 𝑀𝑖 number of small units (final units) in i-th cluster
 𝑦𝑖 = σ𝑖=1
𝑀𝑖 𝑦𝑖𝑗 = 𝑀𝑖 ത𝑦𝑖 item total for i-th cluster unit
 𝑀0 total number of elementary units in the population
 Selection with probability proportional to size with 
replacement:
 Unbiased estimate of the total: ෠𝑌𝑝𝑝𝑠 =
𝑀0
𝑛
σ𝑖=1
𝑛 𝑦𝑖
𝑀𝑖
=
𝑀0
𝑛
σ𝑖=1
𝑛 ത𝑦𝑖
 With variance𝑉 ෠𝑌𝑝𝑝𝑠 =
𝑀0
𝑛
σ𝑖=0
𝑁 𝑀𝑖 ത𝑦𝑖 − ത𝑌
2
 Estimated by 𝑣 ෠𝑌𝑝𝑝𝑠 = 𝑀0
2σ𝑖=1
𝑛 ത𝑦𝑖−ധ𝑦
2
𝑛(𝑛−1)
Single stage cluster sampling: 
clusters of unequal size
 A sample of n units is selected, without replacement, 
by some method. 
 𝜋𝑖= probability that the ith unit is in the sample
 𝜋𝑖𝑗= probability that ith and jth units are both in the 
sample
 Horvitz-Thompson estimator of the population total:
 ෠𝑌𝐻𝑇 = σ𝑖=1
𝑛 𝑦𝑖
𝜋𝑖
 𝑣 ෠𝑌𝐻𝑇 = σ𝑖=1
𝑛 σ𝑗>𝑖
𝑛 𝜋𝑖𝜋𝑗−𝜋𝑖𝑗
𝜋𝑖𝑗
𝑦𝑖
𝜋𝑖
−
𝑦𝑗
𝜋𝑗
2
Clusters of unequal size – Horvitz-
Thompson estimator
